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Abstract. We have studied the behavior of the Feshbach—Villars equation (FVy) in comparison with the
Klein—Gordon one (KG) in the problem of particle pair creation from the vacuum in an external elec-
tromagnetic field, considering two approaches: the Schwinger effective action method and the Bogoliubov
transformation technique. In the first approach the vacuum to vacuum transition amplitude is calculated
treating the FVy field like a bosonic field. For the second approach, that uses canonical quantization, it
is shown that the relative fields and their conjugate moments obey a commutation relation and not anti-
commutation one. The pair creation probability and the probability that the vacuum remains a vacuum
calculated from the F'Vy equation are, consequently, the same as those obtained from the KG one.

PACS. 03.65.Ca, 03.65.Db, 03.65.Pm, 23.20.Ra

1 Introduction

Generally, there exist in relativistic quantum mechanics
two well-known wave equations: the first order Dirac equa-
tion which describes the spin % particle and the second or-
der Klein—Gordon (KG) equation that used to describe the
spin 0 particle. However, the latter equation, due to the
second order derivative, involves a main difficulty, namely

that the probability density
x S (1)
PKG X ¢ at‘P ¥ (3'15('0

is not positive definite [1]. In order to restore this prob-
lem and to get a positive density of probability Feshbach
and Villars [2] have formulated, for a spinless particle, an-
other first order wave equation, called FVg, that has a cer-
tain resemblance to Dirac’s one and to the non-relativistic
Schrédinger equation where the KG wave function ¢ and
its time-derivative are replaced by the two-component
FVq vector [2,3]

i /0 .
1 <p+m<at+leV(1:)><p

(2w

In the FV( two-component formulation, the equation of
motion has the following Hamiltonian form:

.0
1&1/?\/ = Hevyry, (3)
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where the Hamiltonian
1
Hpy = ~5- (V- ieA)2 (13 +im) + m7s + eV (x), (4)

which carries the isospin Pauli matrices

e (n) e () () e

is pseudo-Hermitian, HF+V = 13 Hpy 73, and the continuity
equation can be written in the form

0
ap +VJ =0, (6)
where the density p and the current J are given by
p= ey (7)
and
J = ﬁ W(Tg +i7’2) Vd) — VE(Tg +17’2)1/}
€ — .
- AT (nm+in)Y), ®)
with B
Y =9PTTs. (9)

It is easy to show that p is positive for positive energy and
negative for negative energy, so that it is interpreted as
the charge density, and positive and negative solutions are
interpreted respectively as particle states and antiparticle
ones. Note that those states are connected to one another
by a charge conjugation transformation defined by

= e :7—17,[}*~ (10)
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If 4 is a solution of the equation

0
laqﬁ = HFV (6) 7/% (11)

then 1), is a solution of the equation

0

lawc = HFV (76) 'll)c~

Let us mention, in the end of this reminder, that the ex-
pectation value of an operator O is defined as

©) = [Fouds. (12)
and the classical equation of motion reads
d . 0
GO =itmoy+(go). )

During the last decades, many authors have been in-
terested in the Hamiltonian form of the relativistic wave
equation constructed from the two-component wave func-
tion (FVy) for a spinless particle and from the eight-
component wave function (FV) for spin 1/2 particles. A
great effort has been made to compare the behavior of the
FVy and FV 1 formulations to the KG and Dirac ones in
solving physical problems either by using a path-integral
approach [4] or by solving the wave equations directly [5,
6]. Recently, the authors of [7] have studied the Compton
scattering problem in the F'V 1 formalism and they found
that the cross section is given, like in the Dirac equation,
by the Klein—Nishina formula.

In this paper, we shall study, by using the FV, two-
component theory, the problem of pair creation from the
vacuum in an external electromagnetic field which re-
mains, actually, a very important topic. The subject of
spontaneous particle creation has more significant impli-
cations in quantum field theory (QFT). Namely, the pos-
sibility of particle creation, in the presence of an external
field, makes the question of single particle quantization
more complicated. However, if we take into account that
the vacuum state at time ¢; = —oo differs from the vacuum
state at time ¢ty = +o0 we can, in a natural way, handle
this difficulty by introducing the “in” and “out” vacuum
and particle states. In this context, our work takes on
two approaches: the first one is based on the vacuum to
vacuum transition amplitude defined from the Schwinger
effective action and the second one makes use of a Bo-
goliubov transformation connecting the “in” and “out”
particle states.

In the first stage we shall demonstrate that in the FVq
formulation the vacuum to vacuum transition amplitude
is given, like in the KG equation, by a simple determi-
nant of the operator associated with the wave equation.
In the second way we shall show, after quantization of the
FVy field, how to find “in” and “out” states like in the
KG equation and we shall illustrate the choice of those
states for a smooth potential. Then we shall derive the
well-known pair creation probability like in the KG for-
mulation.

S. Haouat, L. Chetouani: Pair creation in Feshbach—Villars formalism with two components

2 Vacuum to vacuum transition amplitude

Particle-antiparticle pair creation was first studied by
Schwinger many years ago [8]. In effect, he has defined
the vacuum to vacuum transition amplitude A4 (vac—vac)
by an intermediate effective action Seg calculated either
by using the proper time method [8] or by using pertur-
bation theory methods [9]. We have
A(vac—vac) = exp(iSest); (14)

he showed that the pair creation probability can be ex-
tracted from the imaginary part of the effective action:

Pereat. = 1 — |A(vac—vac)|® ~ 2ImS.g. (15)
Having shown how to find the vacuum to vacuum tran-
sition amplitude A(vac—vac) and the probability of pair
creation, the author of [10] studied this subject in the
context of strong field pair production.

To find the amplitude A(vac—vac) in the FVq for-
mulation let us, to begin, recall, briefly, how to define
A(vac—vac) in non-relativistic quantum mechanics as well
as in quantum field theory.

In non-relativistic quantum mechanics, the propaga-
tor or the transition amplitude from the initial state x;
to the final state z; for a physical system governed by
the Hamiltonian H and the Lagrangian £ is defined, in
configuration space, by a matrix element of the evolution
operator

K(xptpsaiti) = (g lexp (=il (i — t:))|zi),  (16)

which admits the following functional integral representa-
tion:

K(xg tyxt;) = /Dx(t) expiS [z(t)], (17)

where the action S [z(t)] is a functional of the continuous
trajectory z(t) connecting space-time point (z;,t;) with
(g t5);

Sla] = /t "L, ). (18)

Starting from the spectral decomposition of the transition
amplitude

K (g tpimiti) = dnlap)ey (@) e =t (19)

it is well known that we can find the wave functions ¢, (x)
as well as the corresponding energies FE,, relative to the
Hamiltonian H. However, in order to find the vacuum to
vacuum transition amplitude A (vac—vac) we take only the
contribution of the ground-state ¢o(x) corresponding to
the lowest energy FEj,

bolxp)dy () e Foltr=t),

After having effected a simple Wick rotation from real
time to the imaginary one, T — —iT, and taking the

(20)
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limit T = ty — t; — oo, one can see that the ground-
state contribution dominates in the transition amplitude
expression (19). Then, in quantum mechanics, the ampli-
tude A(vac—vac) is given by

A(vac—vac) e N/D:v(t) expiS [z(t)]. (21)

Having shown how to extract the vacuum to vacuum am-
plitude from the Feynman propagator in non-relativistic
quantum mechanics, let us derive it in the framework of
QFT based on the Lagrangian density

L = ¢*Okay, (22)
where the complex field ¢ describes a relativistic spinless
particle of mass m and charge e moving in an external
field A, and the operator Okg is associated with the KG
equation

(i, — eA,)” +m>.

We first write the amplitude A(vac-vac) as a functional
integral where the summation over all possible trajectories
x(t) will be replaced by a sum over all field configurations
¢ (x) and ¢* (z); note that ¢ (x) and ¢* (x) are considered
independents,

Oka = — (23)

A(vac—vac) (24)

= /D(ngo* exp {i/d4ac /J(go,go*,@mp,@wp*)}.

In our second way, in order to calculate this amplitude, we
consider the eigenfunctions x,, (z) relative to the operator

OAKG? .
OKGXn (x) = )‘an (Z‘) ) (25)
forming an orthogonal set
[ toxn (06 @) = b (26)
and we expand
T) = Z anXn () (27)
One can then find
A(vac—vac)
= N/ H da; H daj
i J
x exp {i > anazh [ dtox, (@), <x>}
— ./\//dai Hda; exp {12 |an\2 )\n}
/
=N - 28
H An det OKG ( )
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where N, N are two normalization constants that can
be fixed by comparing with the same problem without in-
teraction. So the calculation of the amplitude A(vac—vac)
reduces, simply, to the calculation of a determinant.
Thus, we have pointed out how to determine the am-
plitude A(vac—vac) both in non-relativistic quantum me-
chanics and in quantum field theory (in the KG equation).
Let us now calculate it in the FV( formulation. Starting
from the Lagrangian density for the FVj field, we have

Lyv = i) — eV (2) ) — m P13 (29)
+% (V —ieA) Y (13 +im) (V —ieA) 1),
which has the standard form
Lpy = YO0py ), (30)

where the operator Opv is associated with the FV equa-
tion

0 1
OFv—lf—i—f(V

31
ot (31)
and n = (73 + i72), we define the vacuum to vacuum tran-
sition amplitude A(vac—vac) like in KG theory as a func-
tional integral

—ieA)’n—eV (x) —m 73

A(vac—vac) = /Di/_JDw exp |:i/d4I[,F\/:| , (32)

and we must treat the fields ¥ and 1 like ordinary scalar
variables (bosonic variables) and not like Grassmannian
variables in order to get a positive probability. Then we
obtain

A(vac-—vac) = 1/ det Opy. (33)

Note that it is not easy to calculate det Opv directly, so
that we introduce a charge conjugation. The FV equa-
tion being invariant under this operation, the amplitude
A(vac—vac) becomes

A(vac-vac) = 1/ det Ofy, (34)

where GI%V is the charge conjugate operator of Orv:

1g—i—L (V —ieA)’ n+eV (z) Pip—m 75. (35)

ot 2m

One can then write

se
OFV__

I
1/ det OFV OAIC?V

= exp [—;tr In <OAFVOA§V)} .

A(vac—vac) =

(36)

Taking into account that 73 + 737 = 2 and n? = 0, the
amplitude A (vac—vac) in the FVy equation becomes

A(vac—vac) = exp {—;trln [fOKG +nA (ac, (‘fx)} } ,
(37)
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where I is the (2 x 2) matrix identity and

e @Y e [y o, (v
x’ax_2m ox ) Ox ox

is a supplementary term which depends on the external
potential V' () and does not contribute to the calculation
of the effective action.

In effect, using the following formula:

(38)

. T qs .
InA=-— — exp(—ids) + C, (39)
0

S

we get
A 0
In IOk +nA |z, —
ox

+oo
:—/ dsexp{—i |:IOK(;+’I7A<JZ,8):|S}+IC
0 s Ox

_/04—00 ds {fexp{—i {OAKG} 8} +77R} +1IC, (40)

S

where R is the operator defined by
(oo} . n
. (—is) A 0 Am—1
R= oA — o™
nz::l n! Z “ or

m=1
Being aware of trn = 0 and trl =2, we find

n

. (41)

A(vac—vac)

tood A 1
= exp {—tr/ & {exp (—iOKGs) + UR} + C}
0 S 2
= exp (—trln OKg> =1/det Oxa. (42)

So the vacuum to vacuum transition amplitude obtained
in the FVy formulation takes on the same form that we
obtain in the KG equation.

3 Bogoliubov transformation method

We have succeeded, in our first approach, to demonstrate
that the amplitude A(vac—vac) calculated in the FVq for-
malism is given, like in the KG equation, by the determi-
nant of the operator associated with the wave equation,
and we have also shown that the FV( two-component for-
mulation which describes spinless particles gives the same
amplitude as we obtain in KG theory considering the field
Yrv, as an ordinary variable.

As a second approach [11-14], we shall use the solu-
tions of the wave equation to determine the probability of
pair creation or, explicitly, we shall consider the canonical
method based on the Bogoliubov transformation connect-
ing the “in” with the “out” states. Then the probability
of pair creation and the probability for the vacuum to
remain a vacuum will be given in terms of Bogoliubov co-
efficients. In other words the relation between “in” and
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“out” states can be projected in Fock space to be con-
verted into a relation between the creation and annihila-
tion operators; therefore, many physical amplitudes can
be calculated easily.

Let us start with the canonical quantization of the FVy
field.

3.1 FV field quantization
Classically, in order to decompose the FV field to the

positive and negative frequency modes, we introduce the
Fourier transform v (k) of the field ¥ (z):

v =g [CRSW, W
which obeys, in the free case,
k2 ~
ko — o (r3 +im) — mrg] ¥ (k) =0. (44)

Starting from the solution of the latter equation that we
write as
O (k) =U (k) c(k) o (k3 —k? —m?), (45)

where U (k) is a two-component vector and ¢ (k) is a func-
tion of variable (ko, k), and after integrating over k°, one
can find

3
w (x) = /(dk?) [U (wk) C(k) eikm + V(Wk)d(k) e—ikm] 7

2m)
(46)
with wr, = vVk? +m? and
1 [m + wg
MWk |m — wy
1 _m — WE
V(wr) = — (48)
MWk |m + wg.
Let us now quantize the two-component FV field:
¥1
= , 49
[7] "

writing, for a start, the Lagrangian density in terms of the
two components @1, pa:

Lry = ipip1 — 502 — mpier — mpsp:

1 * *
+%V(¢1+¢Q)V(w1+wz)- (50)

Let P; and P be the conjugate moments associated with,
respectively, the fields components ¢ and s:

Pz:aﬁﬂ i=1,2.
i

) )

(51)
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One can obtain

We assume that at given time ¢ the fields ¢; and their
conjugate moments P; obey the following commutation
relation:

[902- (t,x),P; (t, x/)} =10;;0° (X - X/) , (53)
which gives for the FV field

(o1t of (1)) =0* (x=x). (59)

{cpg (t,x),0F (t,x/)} =5 (X — X/> (55)

and makes the two constants ¢ (k) and d (k) that we have
defined previously obey

[c(k),ct (K] = (27)° 2wrd® (k — k'),
[d(k),d" (K)] = — (27)° 2wk d® (k — k).

(56)
(57)
The new operators are interpreted as respectively particle
creation and annihilation operators. In the end, using the
usual notation,

c(k) = ag,

d(k) =bg,
we obtain the general form of the quantized FV field:

A3k

wop:/w

which can be generalized, in the presence of an external
field, to

(58)

(U (wi) ar €™ +V (wi) b e ], (59)

3
Vop = /(dk?’ U (W) ae 97 (2) +V (wi) b ¢~ (2)],

2m)
(60)
where ¢ (z) are solutions of the quadratic KG equation,
{(18# - EA/L)Q —m?| ¢ (z) =0. (61)
Note that every time we want to solve the first order FV
equation we must turn it into a quadratic form (KG equa-
tion) where the solution is the sum of the two components
[5]-
Calculating the energy E,

E = /dgx YHpytp (62)
and the electric charge Q
Q=c [, (63)

we can give an obvious interpretation of the operators a,Jg,
ag, b;: and bg, having

&’k + +
E = Wk [ak ap + bk bk] R (64)
(27)7 2wy
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A3k
Q = e/ 7(277)3 2Wk [a;:ak — b;:bk] .

Remark that the choice of commutation relations like in
KG theory and not anticommutation relations as in the
Dirac case will be justified by obtaining a positive proba-
bility.

(65)

3.2 Pair creation and vacuum instability

For the external potential defined by (A4g(2),0,0,0) we
solve in the first stage (61) by assuming that ¢ (x) =
el (@Wt=Pa=Py¥) 5 (2); then ¢ (2) will be a solution of

@] =0 (60
where
3 (2) = /w5 (2) —mq,
o (2) =w —edo (2), (67)

m3i =m?+p2 +p;.

We classify the behavior of our solutions at —oco and 400
as follows:

or (2) = 2P1(Z)exp (ii /O TP d;/) (68)
ot (2) = QA(Z)eXp (j:i /0 TP () dz'), (69)
with

Py (2) ~ 73 ()i

P (2) ~ s (2) (70)

z——00 "
In all we have four solutions, but there exist two complex
coefficients «, 3 connecting ¢ (2) with % (2):
pr =ap’ +Bp7,
- =ppt +aty (71)
and using the current conservation law we can find that

laf® — |8 = 1. (72)

According to Nikishov’s choice of “in” and “out” states
[12,13] we write

o =0,
Pin = *ﬁsﬁ
n 6* -
QDCJ)rut = 90+7
@gut = P+,
and from (71) we get
P = Aot + Bt
Pin = 15 Odus + N 0outs

a 2 2
where A = =3, = % and |A|” — |u|” = 1.
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Taking into account the total electric charge conserva-
tion

d3k
©= e/ (27> 2wy,
A3k
B e/ (27)° 2wy

we obtain the following relations:

[ai—;,kain,k - b;rl,kbin,k}

+ +
[aout,kao‘ﬂ»k - bout,k:bOUtvk] ) (75)

Qout = A Qin + p*bt (76)

n’

b, = 1 am + b

where the index k has been omitted in order to simplify
the notation.

For the process of scalar particle pair creation, the
probability amplitude that we suggest to calculate is de-
fined by

A= <Oout ‘aoutbout| Oin> . (78)
Taking into account (76) and (77) we obtain
bout = ~bin + - at;
out — F in T Faouw (79)
then
_ _ W
A= <00ut |aoutb0ut‘ Oin> = F <Oout | Oin> y (80)

and the probability to create one pair from the vacuum in
state (w, p) reads

P = %’2 (81)

Using |A]” — |u/* = 1, the vacuum persistence is given by

(82)

Expressions (81) and (82), obtained in the FV, formula-
tion, are exactly the same as the ones we obtain in the
KG case.

In order to find two-component and eight-component
wave functions of the step potential without the use the
boundary conditions, the authors of [5,6] have introduced
the smooth potential

G

Ao (2) 9

z
1+ tanh ) 83
( + 2r (83)
as an intermediate stage; it is remarked that the current
J is continuous but the charge density p is discontinuous:

p(07),

and the sign of p(0T) may be opposite to the sign of
p (07). In this case the transmitted particle is the antipar-
ticle of the incident one. This means that we have creation

p(0+):w—eV0 (84)

w
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of pairs near the step barrier. If 7" and R denote, respec-
tively, the transmission and reflection coefficients [16,15]
we have

Apop. )2
(p+ —1p-) (p+ —p-)
where, with
R-T=1, (86)
the pair creation probability reads
T dpip_
Ppow = 5 = —1L (87)

R (py+p-)”

We shall demonstrate that the result of Bounames et al.
concerning the FV, equation makes good sense and it is
pertinent with the choice of “in” and “out” states. In ef-
fect, we have assumed, with this choice, that the particle
in the region z > 0 is the antiparticle of the one that moves
in the region z < 0, still in agreement with the study of
Bounames et al. [5,6]. Explicitly, for the potential (83)
and the KG equation (66)

0? eVo eV 2\ 2 9
(88)
becomes after changing the variable z — £,
2y —1
g = (1+6Xp*) ) (89)
r

a hypergeometric type equation:
d? 1 1 d
_ + _— _
d¢? £ 1-¢)d¢g

(pyr)° 2, (p-1)° 1
y ( g 1—5)5(1—@

:O,

|56
(90)

which is invariant under the change £ — 1 —¢ and py —
p— and admits two solutions [17]:

fLE=NegrT (="
x F(ipyr+ip_r+d,ipyr+ip_r+1 -9,
2ipir + 1;€)

(91)

and

f2(§) = N & (1—g)"
x F(ipyr+ip_r+0,ipyr+ip_r+1 -9,

2p_r+1;1-¢), (92)
where
§= % {1 —\/1- (26%7‘)2} . (93)

The functions goi‘;, Oins ot and o . are then respectively

of = (94)

1 .
——exp (—ipy2),
g o0 (-ip12)
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_ 8 1 .

== exp (—ip—-z), 95
Pin 5 Vo p (—ip-z) (95)

1 .
(p;rut = \/m exp (1p+2) ’ (96)

_ 1 .
(pout = \/W €xXp (lp,Z) . (97)

With the help of the formula

F(a’ab,c;y):AlF(aabaa+b70+l;17y) (98)

+ Ay (1—y) " Fle—a,c—bc—a—b1-y),

where
I'(c)T'(c—a—0b)
Al = )
I'(c—a)I'(c—0)
I'e)I'(a+b—c)
A =
2 I (99)
both of the coeflicients o and (3 can be determined:
D_
a= ,[— 100
b+ (100)
I'(=2ipyr+1) I (—2ip_r)
T “oT I 5T
Iy —ilpr +p-)r—g]I'[5—i(p+ +p-)r+3]
p= /> (101)

P+
" I'(=2ipyr+1)I' (2ip_r)
F[%+i(p++p_)r—g]F[%+i(p++p_)r+%}’

and one can find then

Py = 2F

P =iy +p)r—8) I [ —i(ps+p)r+3]

X
I'(=2ipyr+1)I' (—2ip_r)

_ 2sinh (27pyr) sinh (27p_7) (102)
~ cosh [27 (p4 + p—) r] + cos (Tw)

Taking the limit 7 — 0 the potential barrier becomes a
step one, and we obtain the well-known result

4p4p—
(P4 +p-)°

Note that by taking the limit r — oo with Vo/r = F
= constant and by the use of the approximation

P = (103)

mi
~elVp)—w— 104
P eV —w - (104)
we get
2
exp (fﬂm—EL)
Pow = — (105)

mZ
1+ exp (—Wﬁ)

which is the probability of pair creation from the vacuum
by a constant electric field.
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4 Conclusion

We have studied the behavior of the FV( equation in the
problem of particle pair creation from the vacuum, con-
sidering two approaches.

With the approach of the Schwinger effective action,
treating the two-component field ¢rv, like a bosonic field
we have shown that the FVy equation gives the same
result as the KG one. The attempt to treat ¢¥pv, as a
fermionic field, because of the resemblance of the FVj
and the Dirac equation, which are two first order and ma-
trix equations, leads to non-physical probabilities (nega-
tive probabilities).

With the second approach which uses the canonical
quantization, the calculation of probabilities with FV ne-
cessitates knowledge of the states “in” and “out” for the
KG field. Then the results with FVy and KG become iden-
tical. Therefore, we have used commutators for FV fields
as in the KG one and not the anticommutators that will
also lead to erroneous probabilities.

We conclude, through the problem of particle pair cre-
ation, that the FVy and KG equations have the same be-
havior vis-a-vis physical processes and, consequently, us-
ing FVy or KG, we obtain the same result. This final con-
clusion is the same as that communicated by the authors
of [7] in a study of the Compton effect, but with the spin
% eight-component equation (FV 1 ) and that of Dirac.

The study of spin %

2
eight-component formulation is under consideration. The
result will be published elsewhere.

particle creation with the FV1
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